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Abstract 

In the present article, we have investigated the doubly twisted product contact 
CR-submanifolds in Kenmotsu manifolds. Finally, we see that there do not exist 
the proper doubly twisted product contact CR-submanifolds in Kenmotsu 
manifolds such that covariant vector field is tangent to submanifold. 

1. Introduction 

Twisted and warped products are widely used in geometry as well as 
physics. These manifolds have application fields in geometry and physics. 
Twisted product metric tensors, as a generalization of warped product 
metric tensor, have also been useful in the study of several aspects of 
submanifold theory. The relations between the twisted and warped 
product structures in semi-Riemannian geometry are researched [3, 10]. 

Recently, authors showed in [6] that there do not exist warped 
product contact CR-submanifolds of trans-Sasakian manifolds. In the 
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present article, we have extended this study to the doubly twisted product 
contact CR-submanifolds in Kenmotsu manifold, which are an important 
class of manifolds. Because the existence or non-existence of these 
submanifolds are very important. 

The geometry of doubly warped (twisted) product submanifolds have 
been researched in various type manifolds by many authors (see 
references). 

There essentially the following is proven. 

Let ( )11, gN  and ( )22, gN  be a semi-Riemannian manifolds of 

dimensions 1n  and ,2n  respectively, and 121: NNN →×π  and 1: Nσ  

22 NN →×  be the canonical projections. Furthermore, let 21: NNb ×  

( )∞→ ,o  and ( )∞→× ,: 21 oNNf  be smooth functions. Then, the 

doubly twisted product of ( )11, gN  and ( )22, gN  with twisting functions 

b and f is defined to be the product manifold 21 NNN ×=  with metric 

tensor 2
2

1
2 gbgfg ⊕=  given by .2

2
1

2 gbgfg ∗∗ σ+π=  For brevity in 

notation, we denote this semi-Riemannian manifold ( )gN ,  by 

.21 NN bf ×  In particular, if ,1=f  then 21 NN b×  is called the twisted 

product of ( )11, gN  and ( )22, gN  with twisting function b. Moreover, if 

b only depends on the points of ,1N  then 21 NN b×  is called the warped 

product of ( )11, gN  and ( )22, gN  with warping function b. As a 

generalization of the warped product of two semi-Riemannian manifolds, 
.21 NN bf ×  is called the doubly warped product of semi-Riemannian 

manifolds ( )11, gN  and ( )22, gN  with warping functions b and f, if b 

and f only depend on the points of 1N  and ,2N  respectively [3]. 

Let g be a semi-Riemannian metric tensor on the manifold 

21 NNN ×=  and assume that the canonical foliations ( )1TNΓ  and 

( )2TNΓ  intersect perpendicularly everywhere. Then g is the metric 

tensor of: 
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(1) a doubly twisted product ,21 NN bf ×  if and only if ( )1TNΓ  and 

( )2TNΓ  are totally umbilical foliations, 

(2) a twisted product ,21 NN b×  if and only if ( )1TNΓ  is totally 
geodesic foliation and ( )2TNΓ  is totally umbilical foliation, 

(3) a warped product ,21 NN b×  if and only if ( )1TNΓ  is totally 
geodesic foliation and ( )2TNΓ  is spheric foliation, 

(4) a usual product of semi-Riemannian manifolds, if and only if 
( )1TNΓ  and ( )2TNΓ  are totally geodesic foliations. 

Now, let ( )11, gN  and ( )22, gN  be Riemannian manifolds with Levi-

Civita connections 1∇  and ,2∇  respectively, and ∇  both denote the Levi-
Civita connection and the gradient of the doubly twisted product 

21 NN bf ×  of ( )11, gN  and ( )22, gN  with twisting functions b and f. 

Then, we have the following Proposition from [3]. 

Proposition 1.1. For any ( )1, TNYX Γ∈  and ( ),2TNV Γ∈  we have 

( ) ( ) ( ) ( ),log,loglog1 fYXgXfYYfXYY XX ∇−++∇=∇  

( ) ( ) ,loglog VbXXfVVX +=∇  

where ( )TNΓ  denote the set of differentiable vector fields on N. 

2. Preliminaries 

Let M be a ( )-12 +m dimensional almost contact metric manifold with 

structure tensors ( ).,,, gηξϕ  This means ϕ  is a (1, 1) tensor field, ξ  is a 

vector field, η  is a 1-form, and g is the Riemannian metric on M such 

that 

( ) ( ) ( ) ,0,1,0,2 =ϕη=ξη=ϕξξη+−=ϕ XXXX   (1) 

and 

( ) ( ) ( ) ( ) ( ) ( ),,,,, ξ=ηηη−=ϕϕ XgXYXYXgYXg   (2) 
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for any ( )., TMYX Γ∈  An almost contact metric manifold is called 

Kenmotsu manifold, if the derivative of ϕ  satisfies 

( ) ( ) ( ) ( ) ,,, ξη−=ξ∇ϕη−ξϕ=ϕ∇ XXXYYXgY XX   (3) 

where ∇  denotes the Levi-Civita connection on M [4]. 

Let N be an immersed submanifold in Kenmotsu manifold M, and we 
also denote by g the induced metric tensor on N. Denote by ∇  and ∇  the 
Levi-Civita connections on M and N, respectively, then Gauss and 
Weingarten formulas are, respectively, given 

( ),, YXhYY XX +∇=∇   (4) 

and 

,VXAV XVX
⊥∇+−=∇   (5) 

for any ( )TNYX Γ∈,  and ( ),⊥Γ∈ TNV  where ⊥∇  is the connection on 

hTN ,⊥  is the second fundamental form of N in M, and VA  is the shape 

operator associated with V. The second fundamental form h and the 
shape operator A are related by 

( ) ( )( ).,,, NYXhgYXAg V =   (6) 

Now, for any ( ),TNX Γ∈  we put 

,XtXX ω+=ϕ   (7) 

where tX  and Xω  denote the tangential and normal components of ,Xϕ  

respectively. In the same way, for any ( ),⊥Γ∈ TNV  we put 

,CVBVV +=ϕ   (8) 

where BV  and CV  denote the tangential and normal components of 
,Vϕ  respectively. 
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The submanifold N is said to be invariant (resp., anti invariant), if ω  
(resp., t) is identically zero. Furthermore, for submanifolds tangent to the 
structure vector field ,ξ  there are different classes of submanifolds. 

A submanifold N tangent to ξ  is called contact CR-submanifold, if it 

admits an invariant distribution D, whose orthogonal complementary 

distribution ⊥D  is anti-invariant, i.e., >ξ<⊕⊕= ⊥DDTN  with 

( ) pp DD =ϕ  and ( ) ⊥⊥ ⊂ϕ TNDp  for each .Np ∈  

If the manifolds TN  and ⊥N  are invariant and anti-invariant 

submanifolds of Kenmotsu manifold M, respectively, then their doubly 
twisted product in the form .⊥×= NNN bTf  

3. Doubly Twisted Product Contact  
CR-Submanifolds 

Throughout this section, we assume that M is a Kenmotsu manifold 
and ⊥×= NNN bTf  be a doubly twisted product contact CR-submanifold 

of Kenmotsu manifold M. Such submanifolds are always tangent to the 
structure vector field .ξ  Therefore, we are concern with two cases. 

Case 1. ξ  is tangent to .TN  

Case 2. ξ  is tangent to .⊥N  

First, we start with Case 1. 

Theorem 3.1. Let M be a ( )-12 +m dimensional Kenmotsu manifold. 

Then, there do not exist doubly twisted product contact CR-submanifolds 
in the form ⊥×= NNN bTf  in M such that ξ  is tangent to .TN  

Proof. We suppose that ⊥×= NNN bTf  is a doubly twisted product 

contact CR-submanifold of a Kenmotsu manifold M. By using (3), (8), and 
Proposition 1.1, we have 

( ) ( ),XXX UUU ∇ϕ−ϕ∇=ϕ∇  
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( ) ( ) ( ) ( ) ( ) UbXXUhXfUUbXUX ϕ−ϕ+ϕ+ϕ=ϕη− log,loglog  

( ) ( ) ( ),,,log UXChUXBhXfU −−ϕ−  (9) 

for any ( )TTNX Γ∈  and ( ).⊥Γ∈ TNU  From the tangential and normal 
components of (9), respectively, we have 

( ) ( ),,log UXBhUfX =ϕ   (10) 

and 

( ) ( ) ( ) ( ).,log, XUChUXUbXXUh +ϕη−ϕ=ϕ   (11) 

In the same way, we have 

( ) ( ),UUU XXX ∇ϕ−ϕ∇=ϕ∇  

( ) ( ) ( ) UbXUXAXUUXg XU ϕ−ϕ∇+−=ϕη−ξϕ ⊥
ϕ log,  

 ( ) ( ) ( ),,,log UXChUXBhXfU −−ϕ−   (12) 

for any ( )TTNX Γ∈  and ( ).⊥Γ∈ TNU  From the tangential and normal 
components of (12), respectively, we get 

( ) ( ),,log UXBhXfUXA U +ϕ=− ϕ   (13) 

and 

  ( ) ( ).,log UXChUbXUX +ϕ=ϕ∇⊥   (14) 

On the other hand, from (10), we have 

( )( ) .0,, =XUXBhg   (15) 

Moreover, from (6), (13), and (15), we get 

( ) ( ( ) ( ) ),,,log, XUXBhXfUgXXAg U +ϕ=− ϕ  

( )( ) ( ) ( ) ( )( ) .0,,,log,, =+ϕ=ϕ− XUXBhgXXgfUUXXhg   (16) 

Taking account of h being symmetric and bilinear, we get 

( )( ) ,0,, =ϕUYXhg   (17) 
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for any ( )TTNYX Γ∈,  and ( ).⊥Γ∈ TNU  Thus making use of (13), (15), 
and (17), we conclude 

( ) ( ) ( ) ( )( )YUXBhgYXAgYXgfU U ϕ−ϕ−=ϕϕ ϕ ,,,,log  

    ( )( ) .0,, =ϕϕ−= UYXhg   (18) 

Since g is a Riemannian metric, Xϕ  and Yϕ  are a non-null vectors, we 

conclude that f is constant on .⊥N  

On the other hand, considering (4), (5), and Proposition 1.1, we have 

( ),, ξ+ξ∇=ξ∇ XhXX  

 ( ) ( ) ( ) ( ) ( )fXXffXXX T
X logloglog ∇η−ξ+ξ+ξ∇=ξη−  

 ( ),, ξ+ Xh   (19) 

where T∇  denote the Levi-Civita connection on .TN  Multiplicating both 
sides of (19) by ,ξ  we conclude 

( ) ( ) ( ) ( ) ( ) ( ) ( )XffXggXXg T
X ηξ++ξξ∇=ξξη−ξ loglog,,,  

( ) ( )( ),,log ξ∇η− fgX  

 ( ),log0 fX=   (20) 

that is, f is constant on ,TN  which proves our assertion. ■ 

Theorem 3.1 tells us that there exist no doubly twisted product 
contact CR-submanifolds in the form ⊥×= NNN bTf  in Kenmotsu 

manifolds such that ξ  is tangent to invariant submanifold .TN  Next, we 
will research the existence or non-existence of doubly twisted product 
contact CR-submanifolds in the form ⊥×= NNN bTf  in Kenmotsu 

manifolds such that ξ  is tangent to invariant submanifold .⊥N  

Theorem 3.2. Let M be a ( )-12 +m dimensional Kenmotsu manifold. 

Then, there do not exist doubly twisted product contact CR-submanifolds 
in the form ⊥×= NNN bTf  in M such that ξ  is tangent to .⊥N  
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Proof. We suppose that ⊥×= NNN bTf  is a twisted product 

contact CR-submanifold of a Kenmotsu manifold M. Then by using (3), 
(4), and consider Proposition 1.1, we have 

( ),, ξ+ξ∇=ξ∇ XhXX  

( ) ( ) ( ) ( ),,loglog ξ+ξ+ξ=ξη− XhXfbXXX   (21) 

for any ( ).TTNX Γ∈  By multiplicating both sides of (21) by ,ξ  we get 
( ) ,0log =bX  that is, b is constant on .TN  In the same way, we have 

( ),, ξ+ξ∇=ξ∇ UhUU  

( ) ( ) ( ) ( ) ( )bUgUbbUUU U log,loglog ∇ξ−ξ+ξ+ξ∇=ξη− ⊥  

 ( ),, ξ+ Uh   (22) 

for any ( ),⊥Γ∈ TNU  where ⊥∇  denote the Levi-Civita connection on 
.⊥N  Also, multiplicating both sides of (22) by ,ξ  we derive 

( ) ( ) ( ) ( ) ( ) ( ) ( )bUbUbUUU logloglog ξη−ξη+=η−η  

( ),log0 bU=   (23) 

which implies that b is constant on .⊥N  ■ 
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